4.5:  Limits at Infinity

A. Definition of Limits at Infinity

Let L be a real number:

1. The statement 
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 means that for each ε > 0 there exists an M > 0 such that |f(x) – L| < ε whenever x > M.

2.  The statement 
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 means that for each ε > 0 there exists an N <  0 such that |f(x) – L| < ε whenever x < N.

B. Definition of a Horizontal Asymptote

The line y = L is a horizontal asymptote of the graph of f if  
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C.  Theorem 3.10:  Limits at Infinity

1.   If r is a positive rational number and c is any real number, then
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      and    
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The second limit is valid only when x^r is defined when x<0.

2.  
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          and       
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D. Guidelines for Finding Limits at Infinity or Rational Functions.
Hint:  These rules will become more obvious if divide each term in the argument by the highest power of x in the denominator.

1.  If the degree of the numerator is less than the degree of the denominator, then the limit of the rational function is 0.

2.  If the degree of the numerator is equal to the degree of the denominator, then the limit of the rational function is the ratio of the leading coefficients.

3.  If the degree of the numerator is greater than the degree of the denominator, then the limit of the rational function does not exist.
E.  Definition of Infinite Limits at Infinity


Let f be a function defined on the interval (a, 
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).
1. The statement 
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means that for each positive number M, there is a corresponding number N>0 such that f(x)>M whenever x>N.

2. The statement 
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means that for each positive number M, there is a corresponding number N>0 such that f(x)<M whenever x>N.
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