Section 2.2:  Finding Limits Graphically and Numerically

1. Consider the graph of the following functions:
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a)    
b)  

· What is the value of f(4) and g(4)?

· What value does f(x) approach as x→4?  What value does g(x) approach as x→4?

2. Informal Definition of a Limit:  If f(x) becomes arbitrarily close to a single number L as x approaches c from the left and right side, the limit of f(x) as x→c is written as 
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* Some functions may not have specific limits.
3. In general, there  are 3 ways to approach finding limits:

· Numerical Approach:  t-table

· Graphical Approach:  analyze the graph

· Analytical Approach:  use algebra or calculus

4. Common Types of behavior associated with the nonexistence of a limit:

· The limit from the left and right are different as x→c  

· f(x) increases or decreases without bound as x→c  (vertical asymptote)

· f(x) oscillates between two fixed values as x→c  

5. Examples:  Find the limit by completing a table of values.  If the function does not have limit, give a reason.  Confirm your answer by graphing on your calculator 
a.  
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6.  Examples:  Graph each function.  Determine the limit by analyzing the graph.
a.  
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b.  
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c.  
[image: image8.wmf]0

1

lim?

x

x

®

=


d.  
[image: image9.wmf]0

1

limsin?

x

x

®

æö

=

ç÷

èø


7.  Class Work:  Find the limit using a table of values.  Confirm your answer by graphing the function on your calculator.

a.  
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  b.  
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8. 1.2 Class Work:  Find the limit.  If it does not exist explain.

a.  
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b.  
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c.  
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9. Formal Definition of Limit:  
Let f be a function defined on an open interval containing c (except possibly at c) and let L be a real number.  The statement
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means for each ε > 0 there exists a δ > 0 such that if 0 < | x – c | < δ,  then | f(x) – L | < ε.
10. Explanation of Definition:  “f(x) becomes arbitrarily close to L” means f(x) lies in the interval ( L – ε , L + ε ) which can be written 

| f(x) – L | < ε

Similarly, “x→c” means there exists a positive number δ such that x lies in either the interval 

(c – δ, c) or (c, c + δ) or 0 < | x – c | .  x is within the distance δ of c.  

Look at a graphic representation of this model.

11.  Sample Proof

Prove:  
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We must show that give ε > 0, then there exists a δ > 0 such that | f(x) – L | < ε when 


     0 < | x – c | < δ.  Because δ depends on ε, we need to establish a relationship or connection between | f(x) – L | < ε and | x – c | or in this case:
| 2x + 3 - (-3) | and | x – (-3) | 
Given ε > 0, 

| f(x) – L | < ε → | 2x + 3 – (-3) | < ε





| 2x + 6 | < ε






2 | x + 3 | < ε






| x + 3 | <  ε/2 = δ

So let δ = ε/2

Hence, if 0 < | x + 3 | <  δ = ε/2, you have






| x + 3 | <  ε/2






| 2x + 6 | < ε


| 2x + 3 – (-3) | < ε


| f(x) – L | < ε
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